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ABSTRACT 
The Authors study the ideal I(U) formed by the polynomial relations satisfied by an 
endomorphism u of a module M that has a finite free resolution. When M is torsion free, 
the ideal I(U) is characterized in terms of the characteristic polynomial X(U, X) of u. This 
result gives a natural generalization of McCoy’s theorem. The ideal I(U) is also related to 
the invariant factors of u. It is proved that in a large class of rings the ideal I(u) is principally 
generated by the last proper invariant factor of u. One obtains, for these cases, complete 
similarity with the classical case of fields. 
INTRODUCTION 
Let R be a commutative ring with unit, M a finitely generated R-module, and 
u an endomorphism of M. We denote by R[u] the commutative subring of the ring 
EndR A4 given by 
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The ring R[u] is approached by examining the polynomial ring R[X] and the 
substitution homomorphism 
WI - Nul, 
X - u. 
The kernel of this homomorphism is called the ideal of relations satisfied by u, 
and it is denoted by Z(u), i.e., 
Z(n) = {P(X) E RLXI I P(U) = O}. 
This paper is motivated by the problem of determining the ideal Z(U). When 
M is a finite free R-module, the following result due to McCoy ([5], or see [6, p. 
361) characterizes the ideal Z(U): 
THEOREM (McCoy). Let u be an endomorphism of R”, and let A be a matrix 
for u. Then 
Z(u) = (x(a,X):U,-l(XZ -A)), 
where x(u, X) is the characteristic polynomial of u, U ,,- 1 (XZ - A) is the ideal of 
R[X] generated by all the (n - 1) x (n - 1) minors of the matrix XI - A, and Z is 
the identity matrix. 
When R = K is a field, the ideal Z(u), as is well known, is a principal ideal, and 
it is generated by the last invariant factor of u, i.e., if dl (u, X), dz(u, X), . . . , dt(u, X) 
with di(a, X) dividing di+l (u, X) are the proper invariant factors of U, then 
z(u) = (dAu, WI. 
The endomorphism u converts M into an R[X]-module by 
X. m = u(m). 
We refer to M as the R[X]-module via u by IV,. In this context we have that Z(U) is 
the annihilator of the R[X]-module IV,. By the modified Cayley-Hamilton theorem 
(see [6, p. 2741) there exists amonic polynomialp(X) E R[X] such that&X) E Z(U). 
Since a manic polynomial is a non-zero-divisor on R[X], it follows that MU is a 
torsion R[X]-module. A method of approximating the annihilator of a finitely gen- 
erated torsion moduleN is by means of its Fitting ideals {5i(iV)}i>a (see [2] and [7] 
for the definition and for their properties). From the characteristic exact sequence 
0 - R[X]” “-A R[X]” - (R’$ - 0 
we have that &((R”),) = (x(u, X)) and 51 ((R”),) = &-I (XZ -A). Consequently 
POLYNOMIAL SATISFYING AN ENDOMORPHISM 
McCoy’s theorem can be expressed as 
D. A. Buchsbaum and D. Eisenbud [ 11, under certain assumptions, prove that 
the annihilator of a finitely generated torsion module N is equal to go(N). Unfortu- 
nately, as we shall note later, the R[X]-module IV, does not satisfy these hypotheses 
in general. 
In this paper we shall suppose that M has a finite free resolution. Let X(u, X) be 
the characteristic polynomial associated to u (see [3]). We begin this work by set- 
ting upper and lower bounds on the ideal Z(u) in terms of the ideal (x(u, X) : 51 (Mu)). 
We prove that if M is torsion free, then Z(u) = (X(u, X) : $1 (Mu)). This result gives 
a generalization of McCoy’s theorem. When A4 has torsion, we prove that the ideal 
(X(u, X) : 51 (Mu)) is the ideal of relations satisfied by the endomorphism induced 
by u on M/t(M), where l(M) is the torsion submodule of M. 
When the pair (44, u) satisfies certain conditions, we construct in [3] the in- 
variant factors {di(~,X)}i~i~~ associated to u, where dr(u,X) divides di+i(u, X) 
for 1 5 i 5 t - 1. In this situation we prove that the ideal (X(u, X) : 51 (Mu)) is 
generated by @u, X). Furthermore, the principal ideal (dt(u, X)) is the smallest 
principal ideal generated by a manic polynomial containing I(u). 
Note that if R is a polynomial ring over a field or a regular noetherian local 
ring, then the assumptions on the pair (A4, u) always hold. Consequently, when M 
is a torsion free module over such rings, the ideal Z(u) is principally generated by 
the last proper invariant factor of u. This result is the natural generalization of the 
classical case, i.e. when R is a field. 
RESULTS 
In the sequel M will be an R-module that has a finite free resolution. We fix 
an exact sequence 
fm O--+F,,--+F,,,_, ----f... --+F, AFoAM+O, 
where Fi is a finite free R-module. Let n be the Euler characteristic of M, i.e. 
II = czo(- 1)’ rank Fi, which is an invariant associated to M. 
Let u be an endomorphism of M. There exists a family of homomorphisms 
{ui : Fi + Fi}o<i<m such that the diagram 
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is commutative, i.e. ui_Lfi =fiui. In [3] we prove that the quotient 






is amonic polynomial of degreen with coefficients in R. We denote this polynomial 
by X(u, X), and we refer to it as the characteristic polynomial of u. Moreover the 
principal ideal (X(u, X)) is the smallest principal ideal containing &&VU). Hence 
X(u, X) does not depend on the finite free resolution or on the liftings {ui}a<i<m -- 
chosen. 
LEMMA 1. Let M be an R-module that has aJinitej?ee resolution, and u an 
endomorphism of M. Then 
PROOF. See [ 1, Corollary 1.41 for the first and the second inclusions. Since 
Eo(MU) g (x(u, X)), the last inclusion is straightforward. ??
REMARK 2. Suppose that R is a noetherian ring. If a is an ideal of R, we 
denote by gr{a} the classical grade of a, i.e., the upper bound of the lengths of all 
finite R-sequences on R composed of elements of a, (see 17, p. 1481). 
By [7, p. 601 the ideals I(u) = AnnRIxJ M,, and &(M,) have the same radical 
ideal. Therefore the grade of both ideals is the same. But &(M,) is contained in 
(X(u, X)), so, assuming X(u, X) # 1 or equivalently the Euler characteristic of M 
to be nonzero, we have 
gr{Z(u)} = gr{WMd) I d(x(u,X))) = 1. 
Consequently the R[X]-module MU does not satisfy, in general, the conditions of 
the main result of [ 11. 
If n is the Euler characteristic of M, then by [7, p. 1121, z,,(M) is the first 
Fitting ideal of M that is nonzero. put s = rankR FO and r = rankR F1 . If A is an 
r x s matrix forfi , then by definition Z,,(M) is the ideal of R generated by all the 
(s - n) x (s - n) minors of the matrix A. 
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Now if B is an s x s matrix for ~0, then by [3, Theorem 3.11 we have an exact 
sequence of R[X]-modules 
Flr_Xl CBForxl~ Fo[X] - M, - 0, 
where a matrix for the homomorphism 0 is 
and I is the identity matrix of order s. Hence, we have that &(MU) is the ideal of 
R[X] generated by all the s x s minors of the matrix C. 
THEOREM 3. Let M be an R-module that has a$nite free resolution with 
Euler characteristic n, and let u be an endomorphism of M. Then 
PROOF. We shall use the above notation. Let A # 0 be an (s - n) x (s - n) 
minor of the matrix A, and let p(X) be an element of the ideal (X(u, X) : 51 (Mu)). 
We shall prove that Ap(X) E Z(U). 
Suppose that A is defined by the rows { il, . . . , i,_,} and the columns cl, . . . , j,7-n} 
ofAwith1 5 il < ... < Ln 5 randl Iji < ... < j,y_, 5 s. IfA’ is the (s-n) x 
s submatrix of A defined by the rows {il, . . . , &_,}, and B’ the n x s submatrix of 
XI-B whose rows are obtained by striking out 01, . . . , js+} from { 1,. . . , s}, then 
is an s x s submatrix of C, and therefore we have 
det C’ E ZOO(MJ C (x(u, XN. 
By the construction of C’, 
det C’ = f AX” + terms of less degree in X, 
and since x(u, X) is a manic polynomial of degree n which divides det C’ it follows 
that 
det C’ = & AX@, X). 
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Let Adj C’ be the adjoint matrix of C’. Since C’ is an s x s submatrix of C, 
it follows that the elements of Adj C’ are in 31 (M,). Consequently there exists an 
s x s matrix D with coefficients in R[X] such that 
p(X) Adj C’ = X(u, X)D. 
Multiplying this equality by the matrix C’, we obtain 
p(X)(det C’)Z = X(U, X)DC’, 
and because X(u,X) is a non-zero-divisor, it follows that 
f Ap( = DC’. 
Since the rows of the matrix C’ are syzygies of M,, the above equality proves that 
the rows of the matrix Ap(X)Z are also syzygies of M,,. Therefore Ap(X) E Z(u). 
Finally, the first inclusion holds because it has been proved for a system of 
generators of gn(M). The second inclusion was proved in Lemma 1. ??
From this theorem it follows immediately that 
WI = (xb, W : 51 (Mu)> 
when Z,,(M) = R. By [7, pp. 70, 1231, Tn(M) = R if and only if M is a 
supplementable projective module. Hence, we obtain McCoy’s theorem as a 
particular case of the previous result. 
Below we prove that the equality 
I(u) = (xh X) : 3l(Mu>> 
holds for a large class of modules. 
We say that an element m E M is a torsion element if there exists a finitely 
generated faithful ideal a of R such that am = 0 for all a E a, i.e., the annihilator 
of m contains a finitely generated faithful ideal of R. The torsion submodule r(M) 
of M consists of all torsion elements of M. 
The next result will show the relation between the torsion submodule of M and 
the Fitting ideal g,,(M), where II is the Euler characteristic of M. 
PROPOSITION 4. 
(i) If M is a supplementable projective module, then t(M) = 0. 
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(ii) Suppose that M has afinite free resolution and its Euler characteristic 
is n. Then 
t(M) = u (0 i (WV). 
r>l 
Moreover t(M) = 0 ifand only if(0 :M z,,(M)) = (0). 
PROOF. (i): Because M is a suplementable projective module, there exists 
a finite free R-module F such that F ~3 M is a finite free R-module. Let m E t(M). 
Then (0, m) E t(F GM), but F @I M is free, so (0, m) = (0,O); in particular m = 0. 
(ii): For r 2 1 we have 
(0 &G(W) G t(M), 
due to the faithful character of the ideal za(M) (see [7, p. 112]), and the consequent 
faithful character of the ideal (z”(M))‘. Therefore 
u (0 i($“W))‘) c WV 
r>l 
Reciprocally, suppose that {A,, At, . . . , A,} is a system of generators of 
3,&V). Since S,(M) is a faithful ideal, by [7, p. 1431 the polynomial 
p(X) = A,, + A,X + . . . + A,X’ 
is a non-zero-divisor on R[X]. If S is the multiplicatively closed set S = {p(X)‘}, 
consider the ring of fractions S-‘R[X]. Let M[X](S-’ M[X]) be the R[X]-module 
(S-‘R[X]-module) obtained from M by extension of scalars. According to the 
proper behavior of Fitting ideals under ring extensions we have 
zi(s-‘M[X]) = zi(M[X])S-‘R[X] = 5i(M)S-‘R[X] 
for all i. Since p(X) E T,,(M)R[X], it follows that 
if i<n, 
if i>n. 
Therefore S-‘M[X] is a supplementable projective S-‘R[X]-module. Now if m E 
t(M), then applying (i), we have that there exists an integer ke such that p(X)bm = 
0; in particular (Ac#‘rn = 0. But just a reordering of the Ai’s and an iteration 
of the process will give us that (Ai)km = 0 for an integer k and for 0 5 i 5 t. 
Considering r big enough, we obtain that m E (0,($,,(M))‘). 
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Finally let us prove that 
(ohz,,(M,) = 0 if and only if (0~(3,(M))‘) = 0. 
One of the implications is clear, because 
Suppose then that 
(0$“(M)) = 0. 
If m E (O~(&,(M))‘), we have 
(&l(~))‘-‘m C (0$&(M)) = 0. 
Therefore (3n(M))‘-‘m = 0, or equivalently, 
(&(~))‘-2m c (0,(&(M)) = 0. 
Hence after a finite number of steps we obtain that 
m E (Oh&(M)) = 0. 
??
THEOREM 5. Let M be an R-module that has ajnitefree resolution, and u 
an endomorphism of M. If M is torsion free, then 
PROOF. We already know, by Theorem 3, that Z(u) & (X(u,X) : T’(M,)). 
Let then p(X) be in (X(u, X),&l 51 (MU)). Again by Theorem 3 it follows that 
APW E 0) 
for A E z”(M), where n is the Euler characteristic of M. Since M is tor- 
sion free, then by the previous proposition, (Ohzn(M)) = 0. This shows that 
P(X) E I(u). ??
We can look at the ideal (X(u, X)&S’(M,)) as an annihilator ideal even for 
M with torsion. In fact we have: 
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PROPOSITION 6. Let M be an R-module that has afinite free resolution with 
Euler characteristic n, and let u be an endomorphism of M. If zZ1 and i& are the 
endomorphisms of M1 = M/(0,8,,(M)) anda, = M/t(M), respectively, induced 
by u, then 
PROOF. We shall prove the chain of inclusions 
( x(4X> : WI 5, W) C @I 1 !L IG2) C (x(u, X> &I 51 (Mu)). 
Let 
PM E (xh X> R;x, 51 V&J). 
Then, by Theorem 3, we have Ap(X) E Z(u) for all A E z,,(M). Therefore 
POW9 E (0 h 3&f)) for all m E M, 
or equivalently p(X) E I(??,). 
Since (0 b Z,,(M)) C t(M), as we noticed before, we see that I&) & I(&). 
Next we shall prove the last inclusion. Let p(X) E I(&,). Then for all m E M 
we have 
p(u)(m) E t(M) = U (0 g G%(M))‘) . 
r>l 
But M is a finitely generated module, so there exists k > 1 with 
p(4(m> E (0 ~CXcM))li) , 
or equivalently, 
(ZOf))kp(u)(m) = 0 
for all m E M. Therefore (3,,(M))kp(X) is contained in I(u), and by Theorem 3 it 
follows that 
In other words 
(3AM))k~(X) C (x(u, X) R;xl 31 (Mu)) . 
P(X) E ( (x(u’X)Rl;r, 5, (Mu)) R1;lIG(W~kRWl) 
= ( (xb, X) R~x,WNkRIXl) R;x,(S, (Mu)). 
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Finally, if we prove that 
we shall have then that I(&) is contained in (X(u, X),&l 51 (MU)). 
To verify the equality (x(u, X) ,tx,~,&M)>kR[X]) = (X(u, X)) it is sufficient to 
prove that 
( x(4X) & (3,oM)Yw) c (x64 W). 
Let q(X) be a polynomial such that q(X)(g,(M))k C (x(u, X)). Because X(u, X) is 
a manic polynomial, there exist two polynomials c(X) and r(X) such that 
4Fl = c(Wx(u, X> + r(X) 
with the degree of r(X) lower than n. Now for X E (gn(it4))k we have 
MX) = MX)x(u, X> + WX>, 
and 
MX) E (x(4 X)). 
Therefore k(X) E (x(u,X)) for all X E (8n(M))k. Since the degree of k-(X) is 
lower than n, it follows that Xr(X) = 0 for all X E (%,#4))k. But (%,,(M))k is a 
faithful ideal of R, then r(X) = 0 and consequently q(X) E (x(u, X)). ??
As is well known, when R is a field the ideal Z(u) is a principal ideal generated 
by the last proper invariant factor of U. At the end of this work we shall prove 
that the existence of finite free resolutions over a reduced ring provides a similar 
situation. First of all we shall introduce some notation. 
Let A’M, be the rth exterior power of the R[X]-module MU. We denote by 
A’ M, the R-module obtained from A’ MU by restriction of scalars. If p is a prime 
ideal of R, we shall denote by k(p) the residue field at p, i.e. k(p) = R,/eR,; 
by M(p) the /@)-vector space MP/pMP; and by u(p) the endomorphism of M(p) 
induced by U. Finally, if 7rP is the homomorphism R[X] ---f k@)[X] induced by the 
canonical homomorphism from R to k(p), we shall denote by 7rP(p(X)) the image 
under nP of a polynomial p(X) in R[X]. 
In [3] we prove the following result: 
THEOREM 7. Let R be a reduced ring, M an R-module with Euler character- 
istic nonzero, and u an endomorphism of M. Suppose thatfor each positive integer 
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r the R-module A’ MU has a finite free resolution. Then there exists a sequence of 
manic polynomials {dt(u, X)}, li<r verifying. 
(9 dl(u, X)dAu, X) . . . dt(u, X> = x(u, X). 
(ii) dt(u,X) divides dt+l(u,X)for 1 5 i 5 t - 1. 
(iii) ( nil; dt(u, X)) is the smallest principal ideal of R[X] generated by a 
manic polynomial that contains ~,(M,,), 0 2 r 2 t - 1. 
(iv) For each minimal prime ideal p of R the invariant factors of the k(p)- 
endomorphism u(p) are the imagesof {di(u, X)} ~+~tinN~Wl,i.e. {q&4(u,W))~~~~t~ 
following the previous notation. In particular VT,&Y(U, X)) = X(u(p), X) for each 
minimal prime ideal p of R. 
Note that if R is a polynomial ring over a field or a regular noetherian local 
ring the above theorem always holds. 
THEOREMS. Under the assumptions and notation of Theorem 7 we have: 
(0 (dr(u, X)) = (x(u, X) &, 51 (MA 
(ii) (dr(u, X)) is the smallest ideal of R[X] generated by a manic polynomial 
containing Z(u). 
PROOF. (i): By property (iii) of the previous theorem we have 
consequently 
and hence Wu, X>> C (x(u, x)&,31 CM,>>. 
Conversely, let p(X) be a polynomial such that 
Pm5 (Mu> c (x(4 w>. 
First we shall prove that r,,(dr(u,X)) divides rP(p(X)) for every minimal prime 
ideal p of R. Let p be a minimal prime ideal of R. Then 
qd~WN51 WtJk(~)[Xl C (rp(x(u, X>>>. (*) 
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By [3, Proposition 1.21 the k(p)[X]-modules M(p),(,) and (M&(,,)[xj) are isomor- 
phic, where the last module is the k(p)[Xl-module obtained from Mu by extension 
of scalars; then 
51 (M(p)u(p)) = 51 ((M~)(QQIxI)). 
Because Fitting ideals are properly behaved under ring extensions, we have 
51 W’u)(mx~)) = 51 @fuM~)[Xl. 
By (iv) of Theorem 7 it follows that 
Hence (*) is equivalent to 
~pp(PWM W(P):(~)) C (x(u(P), 0 = 
Since k(p) is a field, we obtain 
51 (M(P),(,)) = 
where the last equality is due to property (iv) of the above theorem. Therefore 
d,(u(p),X) = rrp(dt(u,X)) divides r&(X>). 
Next we prove that p(X) E (dt(u, X)). Since dt(u, X) is a manic polynomial, 
there exist two polynomials c(X) and r(X) in R[X] with 
and the degree of r(X) lower than the degree of dt(u, X). For each minimal prime 
ideal p of R we have 
but we have just proved that d,(u(p),X) divides rr&~(X)); so 
%0(X>> E @t(U(P),W). 
Now, since the degree of xp(r(X)) is lower than the degree of dt(u(p), X) it follows 
that 
+(r(X)) = 0 
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for each minimal prime ideal p of R. Finally, in order that R may be a reduced 
ring, we conclude that r(X) = 0 and consequently p(X) E (d,(u, X)). 
(ii): First we prove that if p is a minimal prime ideal of R then 
~(uYa)[Xl = b4P)) = (4(U(P), x>>. 
By (i) and Theorem 3 we have 
and therefore 
Now since p is a minimal prime ideal of R, by Theorem 7(iv) one has 
qlP(m, Jo> = 4U(P), -n 
and because M(p) is a k(p)-vector space of dimension n we have 
iIwm(P) = WWJ)) = 4). 
Hence the chain of inclusions (#) can be written as 
and consequently we have the equalities desired. 
Next we prove that (d,(u,X)) is the smallest ideal of R[X] generated by a 
manic polynomial containing Z(u). Suppose thatp(X) is a manic polynomial with 
Z(u) c (p(X)). There exist polynomials c(X) and r(X) in R[X] with the degree of 
r(X) lower than the degree of p(X) such that 
Therefore for all minimal prime ideal p of R we have 
(7+,(u, 9)) = (W(P),X)) = 4u)mml c (gz4w)) 
and 
~i~p(4(4 X)) = ~P(c(X))W(X)) + n&-(X)). 
Hence np(r(X)) = 0, and since R is a reduced ring, it follows that r(X) = 0. 
Consequently we obtain (dt(u, X)) C (p(X)). ??
138 JOSE A. HERMIDA-ALONSO AND MIRIAM PISONERO 
COROLLARY 9. Under the assumptions of Theorem 7, ifM is torsion free, 
we have 
I(u) = (x(u,X) : 
WI 
5, MA) = (dh, X)X 
REMARK 10. Let R be a polynomial ring over a field or a regular noetherian 
local ring, M a torsion free R-module, and u an endomorphism of M. We denote by 
K the fraction field of R, by M(K) the K-vector space obtained from M by extension 
of scalars, and by U(K) the endomorphism of M(K) induced by u. 
If {dt(u,x)}l<t<, are the proper invariant factors of u, with di(u,X) dividing 
dt+l(u,X) for 1 5 i < t - 1, then by Theorem 7 {dt(u,X)}l<t<r are also the 
proper invariant factors of U(K). Joining this fact with Corollary 9 we obtain that 
Z(u) is the ideal of R[X] generated by the last proper invariant factor of U(K). In 
particular we have Z(u) = Z(U(K)) n R[X], which provides an effective method for 
the computation of Z(u). 
Note that if R is an integral domain and M a torsion free R-module, then 
Z(u) = Z(U(Q) rl R[X], where K is the quotient field of R. In this situation, though, 
the ideal Z(U) is not in general principal (see [3, Remark 2.61). 
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